In this work we define Ψ -boundedness of sequences and discuss the existence of Ψ -bounded solutions for linear difference equations. We present a necessary and sufficient condition for the existence of Ψ -bounded solutions for the linear nonhomogeneous difference equation The difference equations play an important role in many scientific fields, such as scientific computing, numerical analysis of ordinary and partial differential equations, control theory and computer science (see [1, 2, 5] and references therein). The behavior of solutions of difference equations has been paid much more attention by mathematicians and scientists, and the boundedness of solutions is closely related to the investigation of numerical discretization for differential equations (see [1, 2, 6] ). In [3, 4] , the author proposes a novel concept, Ψ -boundedness of solutions, which is interesting and useful in some practical cases, for differential equations, and presents the existence condition for such solutions. Naturally, one wonders whether there are any similar concepts and results on the solutions of difference equations, which can be seen as the discrete versions of differential equations. In this work we define Ψ -boundedness of solutions for difference equations via Ψ -bounded sequences, and establish a necessary and sufficient condition for existence of Ψ -bounded solutions for the nonhomogeneous linear difference equation
We assume that {A(n)} is a bounded matrix sequence and the associated linear difference system is y(n + 1) = A(n)y(n).
Let Y be the fundamental matrix of (2) with Y (1) = I d , the identity d × d matrix. We make use of X 1 to denote the subspace of R d consisting of all vectors which are values of Ψ -bounded solutions of (2) at n = 1. We take X 2 as an arbitrary closed subspace of R d , supplementary to X 1 . And let P 1 and P 2 denote the corresponding projections of R d onto X 1 and X 2 respectively. The main result of this work is the following.
Theorem 1.
Let {A(n)} be bounded. Then (1) has at least one Ψ -bounded solution on Z + for every Ψ -summable sequence { f (n)} on Z + if and only if there is a positive constant K such that
Proof. We first present the proof of the "only if" part. Let
Now we show that the space (D, · D ) is a Banach space. Let {x k } be a fundamental sequence in D. Then {x k } is a fundamental sequence in C ψ . Therefore, there exists a bounded sequence x :
On the other hand, the sequence
is a fundamental sequence in l 1 . Thus there exists a function f (n) ∈ l 1 such that
For a fixed but arbitrary n ≥ 1, we havẽ
It follows thatx(n
Clearly, T is linear and bounded with
. Thus x = 0; this means that operator T is one-to-one. Now we let f ∈ B and x be the Ψ -bounded solution of the system (1). And let Z be the solution of the Cauchy problem
.
It follows that Z (n) ∈ D and T Z = f . Consequently, the operator T is onto. From a fundamental result of Banach: "If T is a bounded one-to-one linear operator from Banach space onto another, then the inverse operator T −1 is also bounded.", it is concluded that there exists a positive constant K = T −1 − 1, such that for f ∈ B and for the solution x ∈ D of (1),
Now we prove the "if" part. We take a sequence {x(n)}, where
and
Therefore, the sequence {x(n)} is a Ψ -bounded solution on Z + of (1). The proof is finished.
The above result characterizes the existence of the Ψ -bounded solutions for linear difference equations. The following result describes the asymptotic stability of the solutions in the Ψ -sense. More results will be found in our coming paper.
Theorem 2. Suppose that
(1) The fundamental matrix Y (n) of (2) satisfies the following conditions:
where K is a positive constant and P 1 and P 2 are as in the Introduction.
Proof. Let x(n) be a Ψ -bounded solution of (1) . Then there is a positive constant M such that ψ(n)x(n) ≤ M, for all n ≥ 1. We take a sequence
From the hypotheses, it follows that the sequence y(n) is a Ψ -bounded solution of (2). Then y(1) ∈ X 1 . On the other hand, P 1 y(1) = 0. Therefore y(1) = P 2 y(1) ∈ X 2 . Thus y(1) = 0 and then y(n) = 0 for n ≥ 1. Thus, for n ≥ 1 we have
Now, for a given ε > 0, there exists n 1 > 0 such that
, for n ≥ n 1 .
Moreover, there exists n 2 > n 1 such that, for n > n 2 ,
Then, for n > n 2 , we have
This shows that lim n→∞ ψ(n)x(n) = 0. The proof is completed.
